The decay dynamics of the classical electromagnetic field in a leaky optical resonator supporting a single mode coupled to a structured continuum of modes (reservoir) is theoretically investigated, and the issue of threshold condition for lasing in presence of an inverted medium is comprehensively addressed. Specific analytical results are given for a single-mode microcavity resonantly coupled to a coupled resonator optical waveguide (CROW), which supports a band of continuous modes acting as decay channels. For weak coupling, the usual exponential Weisskopf-Wigner (Markovian) decay of the field in the bare resonator is found, and the threshold for lasing increases linearly with the coupling strength. As the coupling between the microcavity and the structured reservoir increases, the field decay in the passive cavity shows non exponential features, and correspondingly the threshold for lasing ceases to increase, reaching a maximum and then starting to decrease as the coupling strength is further increased. A singular behavior for the "laser phase transition", which is a clear signature of strong non-Markovian dynamics, is found at critical values of the coupling between the microcavity and the reservoir.
The decay dynamics of the classical electromagnetic field in a leaky optical resonator supporting a single mode coupled to a structured continuum of modes (reservoir) is theoretically investigated, and the issue of threshold condition for lasing in presence of an inverted medium is comprehensively addressed. Specific analytical results are given for a single-mode microcavity resonantly coupled to a coupled resonator optical waveguide (CROW), which supports a band of continuous modes acting as decay channels. For weak coupling, the usual exponential Weisskopf-Wigner (Markovian) decay of the field in the bare resonator is found, and the threshold for lasing increases linearly with the coupling strength. As the coupling between the microcavity and the structured reservoir increases, the field decay in the passive cavity shows non exponential features, and correspondingly the threshold for lasing ceases to increase, reaching a maximum and then starting to decrease as the coupling strength is further increased. A singular behavior for the "laser phase transition", which is a clear signature of strong non-Markovian dynamics, is found at critical values of the coupling between the microcavity and the reservoir. It is well known that the modes of an open optical cavity are always leaky due to energy escape to the outside. Mode leakage can be generally viewed as due to the coupling of the discrete cavity modes with a broad spectrum of modes of the "universe" that acts as a reservoir [1, 2, 3] . From this perspective the problem of escape of a classical electromagnetic field from an open resonator is analogous to the rather general problem of the decay of a discrete state coupled to a broad continuum, as originally studied by Fano [4] and encountered in different physical contexts (see, e.g., [5] ). The simplest and much used way to account for mode coupling with the outside is to eliminate the reservoir degrees of freedom by the introduction of quasi normal modes with complex eigenfrequencies (see, e.g., [1, 3] ), in such a way that energy escape to the outside is simply accounted for by the cavity decay rate γ (the imaginary part of the eigenvalue) or, equivalently, by the cavity quality factor Q. This irreversible exponential decay of the mode into the continuum corresponds to the well-known WeisskopfWigner decay and relies on the so-called Markovian approximation (see, e.g., [5] ) that assumes an instantaneous reservoir response (i.e. no memory): coupling with the reservoir is dealt as a Markovian process and the evolution of the field in the cavity depends solely on the present state and not on any previous state of the reservoir. For the whole system (cavity plus outside), in the Markovian approximation the cavity quasi-mode with a complex frequency corresponds to a resonance state with a Lorentzian lineshape. If now the field in the cavity experiences gain due to coupling with an inverted atomic medium, the condition for lasing is simply obtained when gain due to lasing atoms cancels cavity losses, i.e. for g = γ, where g is the modal gain coefficient per unit time [1] . More generally, treating the field classically and assuming that the cavity supports a single mode, an initial field amplitude in the cavity will exponentially decay, remain stationary (delta-function lineshape) or exponentially grow (in the early stage of lasing) depending on whether g < γ, g = γ or g > γ, respectively. In addition, since the cavity decay rate γ increases as the coupling of the cavity with the outside increases, the threshold for laser oscillation increases as the coupling strength of the resonator with the modes of the "universe" is increased. It is remarkable that this simple and widely acknowledged dynamical behavior of basic laser theory, found in any elementary laser textbook (see, e.g., [6] ), relies on the Markovian assumption for the cold cavity decay dynamics [7] . However, it is known that in many problems dealing with the decay of a discrete state coupled to a "structured" reservoir, such as in photoionization in the vicinity of an autoionizing resonance [8] , spontaneous emission and laser-driven atom dynamics in waveguides and photonic crystals [9, 10, 11, 12, 13, 14, 15, 16, 17] , and electron transport in semiconductor superlattices [18] , the Markovian approximation may become invalid, and the precise structure of the reservoir (continuum) should be properly considered. Non-Markovian effects may become of major relevance in presence of threshold [8, 19] or singularities [10, 12, 13, 15, 18] in the density of states or more generally when the coupling strength from the initial discrete state to the continuum becomes as large as the width of the continuum density of state distribution [5] . Typical features of non-Markovian dynamics found in the above-mentioned contexts are non-exponential decay, fractional decay and population trapping, atom-photon bound states, damped Rabi oscillations, etc. Though the role of structured reservoirs on basic quantum electrodynamics and quantum optics phenomena beyond the Markovian approximation has received a great attention (see, e.g., Ref. [15] for a rather recent review), at a classical level [3] previous works have mainly considered the limit of Markovian dynamics [1] , developing a formalism based on quasi-normal mode analysis of the open system [3] . In fact, in a typical laser resonator made e.g. of two-mirrors with one partially transmitting mirror coupled to the outside open space, the WeisskopfWigner decay law for the bare cavity field is an excellent approximation [1] and therefore non-Markovian effects are fully negligible. However, the advent of microand nano-photonic structures, notably photonic crystals (PCs), has enabled the design and realization of high-Q passive microcavities [20, 21, 22, 23, 24] and lasers [21, 25, 26, 27, 28] which can be suitably coupled to the outside by means of engineered waveguide structures [21, 29, 30, 31, 32, 33] . By e.g. modifying some units cells within a PC, one can create defects that support localized high-Q modes or propagating waveguide modes. If we couple localized defect modes with waveguides, many interesting photon transport effects may occur (see, e.g., [29, 30, 34] ). Coupling between optical waveguides and high-Q resonators in different geometries has been investigated in great detail using numerical methods, coupledmode equations, and scattering matrix techniques in the framework of a rather general Fano-Anderson-like Hamiltonian [29, 30, 31, 32, 33, 35] . Another kind of light coupling and transport that has received an increasing attention in recent years is based on coupled resonator optical waveguide (CROW) structures [36, 37, 38, 39] , in which photons hop from one evanescent defect mode of a cavity to the neighboring one due to overlapping between the tightly confined modes at each defect site. The possibility of artificially control the coupling of a microcavity with the "universe" may then invalidate the usual Markovian approximation for the (classical) electromagnetic field decay. In such a situation, for the passive cavity one should expect to observe non-Markovian features in the dynamics of the decaying field, such as non-exponential decay, damped Rabi oscillations, and quenched decay for strong couplings. More interesting, for an active (i.e. with gain) microcavity the usual condition g = γ of gain/loss balance for laser oscillation becomes meaningless owing to the impossibility of precisely define a cavity decay rate γ. Therefore the determination of the lasing condition for a microcavity coupled to a structured reservoir requires a detailed account of the mode structure of the universe and may show unusual features. It is the aim of this work to provide some general insights into the classical-field decay dynamics and lasing condition of an optical microcavity coupled to a structured reservoir, in which the usual Markovian approximation of treating the cavity decay becomes inadequate. Some general results are provided for a generic Hamiltonian model describing the coupling of a single-mode microcavity with a continuous band of modes, and the effects of non-Markovian dynamics on lasing condition are discussed. As an illustrative example, the case of a microcavity resonantly coupled to a CROW is considered, for which analytical results may be given in a closed form. The paper is organized as follows. In Sec.II a simple model describing the classical field dynamics in an active single-mode microcavity coupled to a band of continuous modes is presented, and the Markovian dynamics attained in the weak coupling regime is briefly reviewed. Section III deals with the exact dynamics, beyond the Markovian approximation, for both the passive (i.e. without gain) and active microcavity. In particular, the general relation expressing threshold for laser oscillation is derived, and its dependence on the coupling strength between the microcavity and the reservoir is discussed. The general results of Sec.III are specialized in Sec.IV for the case of a single-mode microcavity tunneling-coupled to a CROW, and some unusual dynamical effects (such as "uncertainty" of laser threshold, non-exponential onset of lasing instability and transient non-normal amplification) are shown to occur at certain critical couplings.
II. MICROCAVITY COUPLED TO A STRUCTURED RESERVOIR: DESCRIPTION OF THE MODEL AND MARKOVIAN DYNAMICS

A. The model
The starting point of our analysis is provided by a rather general Hamiltonian model [29, 30] describing the interaction of a localized mode |a of a resonator system (e.g. a microcavity in a PC) with a set of continuous modes |ω µ of neighboring waveguides with which the resonator is tunneling-coupled. We assume that the microcavity supports a single and high-Q localized mode of frequency ω a , and indicate by γ i and g the intrinsic losses and gain coefficients of the mode. The intrinsic losses γ i account for both internal (e.g. absorption) losses and damping of the cavity mode due to coupling with a "Markovian" reservoir (i.e. coupling with modes of the universe other than the neighboring waveguides). The modal gain parameter g may be provided by an inverted atomic or semiconductor medium hosted in the microcavity. Since we will consider the microcavity operating below or at the onset of threshold for lasing, as in Refs. [30, 35] the modal gain parameter g is assumed to be a constant and externally controllable parameter; above threshold an additional rate equation for g would be obviously needed depending on the specific gain medium (see, for instance, [40] ). Dissipation and gain of the microcavity mode are simply included in the model by adding a non-Hermitian term H N H to the Hermitian part of the Hamiltonian. The full Hamiltonian H then reads
with a|a = 1, ω µ |ω
, a|ω µ = 0, and = 1. The coefficients κ µ (ω µ ) describe the direct coupling between the localized mode |a of the microcavity and the propagating modes |ω µ in the continuum, whereas λ is a dimensionless parameter that measures the strength of interaction (λ → 0 for a vanishing interaction). If we write the state |ψ as
the following coupled-mode equations for the coefficients c a (t) and c µ (ω µ , t) are readily obtained from the equation i∂|ψ /∂t = H|ψ :
where the dot stands for the derivative with respect to time t. Note that the power of the microcavity mode is given by |c a (t)| 2 , whereas the total power of the field (cavity plus structured reservoir) is given by
The threshold condition for lasing is obtained when an initial perturbation in the system does not decay with time. From Eqs.(3a) and (3b) the following power-balance equation can be derived
from which we see that |c a | 2 → 0 for any g < γ i , so that the threshold g = g th for laser oscillation satisfies the condition g th ≥ γ i , as expected.
B. Weak coupling limit: Markovian dynamics
The temporal evolution of the microcavity-mode amplitude c a (t) and the condition for laser oscillation can be rigorously obtained by solving the coupled-mode equations (3a) and (3b) by means of a Laplace transform analysis, which will be done in the next section. Here we show that, in the weak coupling regime (λ → 0) and for a broad band of continuous modes, coupling of the cavity mode with the neighboring waveguides leads to the usual Weisskopf-Wigner (exponential) decay. Though this is a rather standard result (see, e.g. [5] ) and earlier derived for a standard Fabry-Perot laser resonator in Ref. [1] using a Fano diagonalization technique, for the sake of completeness it is briefly reviewed here within the model described in Sec.II.A. If the system is initially prepared in state |a , i.e. if at initial time t = 0 there is no field in the neighboring waveguides and c a (0) = 0, an integro-differential equation describing the temporal evolution of cavity mode amplitude c a (t) at successive times can be derived after elimination of the reservoir degrees of freedom. A formal integration of Eqs.(3b) with initial condition c µ (ω µ , 0) = 0 yields
(5) After setting c a (t) = A(t) exp(−iω a t), substitution of Eq.(5) into Eq.(3a) yields the following exact integrodifferential equation for the mode amplitude A(t)
where G(τ ) is the reservoir response (memory) function, given by
. (7) Equation (6) clearly shows that the dynamics is not a Markovian process since the evolution of the mode amplitude at time t depends on previous states of the reservoir. Nevertheless, if the characteristic memory time τ m is short enough (i.e., the spectral coupling coefficients κ µ broad enough) and the coupling weak enough such that |Ȧ/A|τ m ≪ 1, we may replace Eq.(6) with the following approximate equatioṅ
where
for t ≫ τ m . In this limit, the dynamics is therefore Markovian and the reservoir is simply accounted for by a decay rate γ R and a frequency shift ∆ R . Using the relation
from Eq. (7) the following expressions for the decay rate γ R and the frequency shift ∆ R can be derived
The dynamics of the cavity mode field in the Markovian approximation is therefore standard: an initial field amplitude in the cavity will exponentially decay, remain stationary (delta-function lineshape) or exponentially grow (in the early stage of lasing) depending on whether g < γ, g = γ or g > γ, respectively, where γ = γ i + γ R is the total cavity decay rate. The threshold for laser oscillation is therefore simply given by g th = γ i + γ R , i.e.
III. FIELD DYNAMICS BEYOND THE MARKOVIAN LIMIT: GENERAL ASPECTS
Let us assume that the system is initially prepared in state |a , i.e. that at initial time t = 0 there is no field in the neighboring waveguides [c µ (ω µ , 0) = 0] whereas c a (0) = 1. The exact solution for the field amplitude c a (t) of the microcavity mode at successive times can be obtained by a Laplace-Fourier transform of Eqs.(3a) and (3b). Let us indicate byĉ a (s) andĉ µ (ω µ , s) the Laplace transforms of c a (t) and c µ (ω µ , t), respectively, i.e.
and a similar expression forĉ µ (ω µ , s). From the power balance equation (4), one can easily show that the integral on the right hand side in Eq. (14) converges for Re(s) > η, where
The field amplitude c a (t) is then written as the inverse Laplace transform
where the Bromwich path B is a vertical line Re(s) = const > η in the half-plane of analyticity of the transform, andĉ a (s) is readily derived after Laplace transform of Eqs.(3a) and (3b) and readŝ
In Eq. (16), g ′ = g − γ i is the effective gain parameter and Σ(s) is the self-energy function, which is expressed in terms of the form factor
where D(ω) is the reservoir structure function, defined by
In writing Eq. (17), we assumed that the spectrum of modes of the waveguides (to which the microcavity is coupled) shows an upper and lower frequency limits ω 1 and ω 2 . We will also assume that D(ω) does not show gaps, i.e. intervals with D = 0, inside the range (ω 1 , ω 2 ). The assumption of a finite spectral extension for the continuous modes is physically reasonable and is valid for e.g. PC waveguides or CROW. In addition, in order to avoid the existence of bound states (or polariton modes) for the passive microcavity coupled to the structured reservoir, we assume that D(ω) vanishes at the boundary of the band, precisely we require that
as ω → ω 1,2 , with δ 1,2 > 0. This condition, which will be clarified in Sec.III.A, is a necessary requirement to ensure that the field amplitude c a (t) fully decays toward zero for g ′ = 0. The temporal evolution of c a (t) is largely influenced by the analytic properties ofĉ a (s); in particular the occurrence of a singularity (pole) at s = s pole with Re(s pole ) ≥ 0 may indicate the onset of an instability, i.e. a lasing regime. The self-energy function Σ(s) [Eq. (17)], and henceĉ a (s), are not defined on the segment of the imaginary axis s = −iω with ω 1 < ω < ω 2 , s 1,2 = −iω 1,2 being two branch points. In fact, using the relation
from Eq.(17) one has
(ω 1 < ω < ω 2 ), where we have set
To further discuss the analytic properties ofĉ a (s) and hence the temporal dynamics of c a (t), one should distinguish the cases of passive (g ′ = 0) and active (g ′ > 0) microcavities.
A. The passive microcavity
Let us first consider the case of g ′ = 0, i.e. of a passive microcavity with negligible internal losses. In this case the full Hamiltonian is Hermitian (H N H = 0), and therefore the analytic properties ofĉ a (s) and spectrum of H = H 0 + H int are ruled as follows (see, for instance, [5, 19, 41, 42] ): (i) The eigenvalues ω of H are real-valued and comprise the continuous spectrum ω 1 < ω < ω 2 of unbounded modes and up to two isolated real-valued eigenvalues, outside the continuous spectrum from either sides, which correspond to possible bound (or polariton) modes [19] ; (ii) The isolated eigenvalues are the poles ofĉ a (s) on the imaginary axis outside the branch cut −ω 2 < Im(s) < −ω 1 ; (iii)ĉ a (s) is analytic in the full complex plane, apart from the branch cut and the two possible poles on the imaginary axis corresponding to bound modes; (iv) In the absence of bound modes c a (t) fully decays toward zero, whereas a limited (or fractional) decay occurs in the opposite case. From Eq.(16), the poles s = −iΩ ofĉ a (s) outside the branch cut are found as solutions of the equation:
i.e. [see Eq. (21)]:
with the constraint Ω > ω 2 or Ω < ω 1 [43] . A graphical solution of Eq. (23) as intersection of the curves Ω − ω a and ∆(Ω) is helpful to decide whether there exist poles ofĉ a (s), i.e. bound modes (see Fig.1 ). To this aim, note that ∆(Ω) > 0 and d∆/dΩ < 0 for Ω > ω 2 , ∆(Ω) < 0 and d∆/dΩ < 0 for Ω < ω 1 , and lim Ω→±∞ ∆(Ω) = 0 ± . Therefore, Eq.(23) does not have solutions outside the interval (ω 1 , ω 2 ) provided that ∆(ω 2 ) < ω 2 − ω a and ∆(ω 1 ) > ω 1 − ω a [ Fig.1(a) ]. Such conditions require at least that ω a be internal to the band (ω 1 , ω 2 ), i.e. that the resonance frequency ω a of the microcavity be embedded in the continuum of decay channels, and that D(ω) vanishes as a power law at the boundary ω = ω 1 and
δ1,2 as ω → ω 1,2 for some positive integers δ 1 and δ 2 . In fact, if D(ω) does not vanish as a power law at these boundaries, one would have ∆(Ω) → ±∞ as Ω → ω 2 , ω 1 . Even though D(ω) vanishes at the boundaries, as the coupling strength λ is increased either one or both of the conditions ∆(ω 2 ) > ω 2 − ω a and ∆(ω 1 ) < ω 1 − ω a can be satisfied [ Fig.1(b) ], leading to the appearance of either one or two bound states. The coupling strength at which a bound state starts to appear is referred to as critical coupling. Below the critical coupling [ Fig.1(a) ], for the passive microcavityĉ a (s) does not have poles and a complete decay of c a (t) is attained. However, owing to non-Markovian effects the decay dynamics may greatly deviate from the usual Weisskop-Wigner exponential decay. The exact decay law for c a (t) is obtained by the inverse Laplace transform Eq. (15), which can be evaluated by the residue method after suitably closing the Bromwich path B with a contour in the Re(s) < 0 halfplane (see, e.g. [5] pp.220-221, and [41, 42] ). Since the closure crosses the branch cut −ω 2 < Im(s) < −ω 1 on the imaginary axis, the contour must necessarily pass into the second Riemannian sheet in the section of the half-plane with −ω 2 < Im(s) < −ω 1 , whereas it remains in the first Riemannian sheet in the other two sections Im(s) > −ω 1 and Im(s) < −ω 2 of the Re(s) < 0 half-plane. To properly close the contour, it is thus necessary to go back and turn around the two branch points of the cut at s = −iω 1 and s = −iω 2 , following the Hankel paths h 1 and h 2 as shown in Fig.2 . Note that, whileĉ a (s) is analytic in the first Riemannian sheet for Re(s) < 0, the analytic continuationĉ 
i.e.
where we have set
After inversion, we then find for c a (t) the following decay law
where Z is the residue ofĉ II a (s) at the pole s p , and C(t) is the contribution from the contour integration along the Hankel paths h 1 and h 2 (see Fig.2 ):
Integration contour used to calculate the inverse Laplace transform ofĉa(s). The bold solid line on the imaginary axis is the branch cut. The integration along the solid (dashed) curves is made on the first (second) Riemannian sheet ofĉa(s). sp is the pole ofĉa(s) on the second Riemannian sheet in the Re(s) < 0 half-plane.
The cut contribution C(t) is responsible for the appearance of non-exponential features in the decay dynamics, especially at short and long times; for an extensive and detailed analysis we refer the reader to e.g. Refs. [41, 42] ; examples of non-exponential decays will be presented in Sec.IV. We just mention here that, in the weak coupling limit (D → 0), from Eq.(25) one has that γ p and ∆ p are small, and thus using Eq.(19) we can cast Eq.(25) in the form
from which we recover for the decay rate γ p and frequency shift ∆ p of the resonance the same expressions γ R and ∆ R as given by Eqs. (11) and (12) in the framework of the Weisskopf-Wigner analysis. In the strong coupling regime, close to the boundary of appearance of bound modes, the decay strongly deviates from an exponential law at any time scale, with the appearance of typical damped Rabi oscillations (see e.g. Ref. [5] , pp. 249-255).
B. Microcavity with gain: lasing condition
Let us now consider the case of a microcavity with gain, i.e. g ′ > 0. In this case, one (or more) poles s p ofĉ a (s) on the first Riemannian sheet with Re(s) ≥ 0 may appear as the modal gain g ′ is increased, so that the mode amplitude c a (t) will grow with time, indicating the onset of an instability. In this case, the Bromwich path B should be closed taking into account the existence of one (or more than one) pole in the Re(s) ≥ 0 plane, as shown in Fig.3 . For the case of a simple pole s p = −γ p − iω a − i∆ p , the expression (27) for the temporal evolution of c a (t) is therefore still valid, where now 
As a rather general rule, it turns out that, as g ′ is increased, the pole s p ofĉ II a (s), which at g ′ = 0 lies in the Re(s) < 0 plane, crosses the imaginary axis in the cut region. This crossing changes the decay of c a (t) into a non-decaying or growing behavior, and thus it can be assumed as the threshold for laser oscillation. The modal gain at threshold, g ′ th , is thus obtained from Eq.(30) by setting γ p = 0 − , i.e.
where we used Eq.(21) and the relation
Therefore the threshold for laser oscillation is given by
where ∆ p (the frequency shift of the oscillating mode from the microcavity resonance frequency ω a ) is implicitly defined by the equation
i.e. Ω osc − ω a = ∆(Ω osc ) with Ω osc = ω a + ∆ p . It should be noted that, under the conditions stated in Sec.III.A ensuring that for the passive microcavity no bound modes exist, Eq.(35) admits of (at least) one solution for ω a +∆ p inside the range (ω 1 , ω 2 ). The simplest proof thereof can be done graphically [see Fig.1(a) ] after observing that ω 2 − ω a > ∆(ω 2 ) and ω 1 − ω a < ∆(ω 1 ). The rather simple Eq.(34) provides a generalization of Eq.(13) for the laser threshold of the active microcavity beyond the Markovian approximation and reduces to it in the limit ∆ p ≃ 0. The frequency shift ∆ p , however, can not be in general neglected and may strongly affect the value of g th in the strong coupling regime. In fact, for a small coupling of the microcavity with the structured reservoir (λ → 0), the shift ∆ p can be neglected and therefore g th increases with λ according to Eq.(13). However, as λ is further increased up to the critical coupling condition, the shift ∆ p is no more negligible, and the oscillation frequency Ω osc = ω a +∆ p at lasing threshold is pushed toward the boundaries ω 1 or ω 2 , where D(ω) and thus g ′ th vanish. In fact, as λ is increased to reach the minimum value between λ I,II defined by the relation [44] :
one has Ω osc → ω 1,2 , and hence g th → γ i . Therefore, as g th initially increases from γ i as the coupling strength is increased from λ = 0, it must reach a maximum value and then start to decrease until reaching again the γ i value as λ approaches the critical value (λ I or λ II ). As the increase of g th with λ in the weak coupling regime is simply understood as due to the acceleration of the decay of the microcavity mode into the neighboring waveguides, the successive decreasing of g th is related to the appearance of a back-coupling of the field from the continuum (waveguides) into the microcavity mode, until a bound state is formed at the critical coupling strength. As a final remark, it should be noted that the precise dynamical features and the kind of instability at lasing threshold may depend on the specific structure function D(ω) of the reservoir. In particular, anomalous dynamical features may occur at the critical coupling regime, as it will be shown in the next section.
IV. AN EXACTLY-SOLVABLE MODEL: THE COUPLING OF A MICROCAVITY WITH A COUPLED RESONATOR OPTICAL WAVEGUIDE
To clarify the general results obtained in the previous section, we present an illustrative example of exactlysolvable model in which a single-mode and high-Q microcavity is tunneling-coupled to a CROW structure [36, 37, 38, 39] , which provides the non-markovian decay channel of the microcavity. In a CROW structure, photons tunnel from one evanescent defect mode of a cavity to the neighboring one due to overlapping between the tightly confined modes at each defect site, and therefore memory effects are expected to be non-negligible when- ever the coupling rate of the microcavity with the CROW becomes comparable with the CROW hopping rate.
A. The model
The schematic model of a microcavity tunnelingcoupled to a CROW is shown in Fig.4 for two typical configurations. The CROW consists of a chain of equallyspaced optical waveguides [36, 37, 38, 39] , supporting a single band of propagating modes, and the microcavity is tunneling-coupled to either one [ Fig.4(a) ] or two [ Fig.4(b) ] cavities of the CROW. For the sake of definiteness, we will consider the coupling geometry shown in Fig.4(b) , though similar results are obtained for the single-coupling configuration of Fig.4(a) .
The microcavity and the CROW can be realized on a same PC planform (see, e.g., [40, 45] ): the CROW is simply obtained by a one-dimensional periodic array of defects, placed at distance d and patterned along the lattice to form resonant cavities with high-Q factors. The microcavity is realized by one defect in the array, say the one corresponding to index n = 0, which can have a resonance frequency ω a different from that of adjacent defects and placed at a larger distance d 0 ≥ d than the other cavities [see Fig.4(c) ]. The CROW supports a continuous band of propagating modes whose dispersion relation, in the tight-binding approximation, is given by [37] ω(k) = ω 0 − 2κ cos(kd), (37) where κ is the hopping amplitude between two consecutive cavities of the CROW, d is the length of the unit cell of the CROW, k is the Bloch wave number, and ω 0 is the central frequency of the band. The resonance frequency ω m of the microcavity is assumed to be internal to the CROW band, i.e. ω 0 − 2κ < ω m < ω 0 + 2κ. The microcavity is tunneling-coupled to the two adjacent cavities of the CROW, and we denote by κ 0 the hopping amplitude. The ratio κ 0 /κ and the position of ω m inside the CROW band can be properly controlled by changing the geometrical parameters of the defects and the ratio d 0 /d. In particular, in the limiting case where the microcavity has the same geometry and distance of the other CROW cavities, one has κ 0 = κ and ω m = ω 0 . An excellent and simple description of light transport in the system is provided by a set of coupled-mode equations for the amplitudes a n of modes in the cavities (see, e.g., [37, 45] )
where c a is the amplitude of the microcavity mode, g is its effective modal gain per unit time, and ω a = ω m − ω 0 is the frequency detuning between the microcavity resonance frequency ω m and the central frequency ω 0 of the CROW band. For e.g. a CROW built in a GaAs-based PC with a square lattice of air holes in the design of Ref. [40] , a typical value of the cavity coupling coefficient turns out to be κ ≃ 700 − 800 GHz and ω 0 /κ ∼ 3 × 10 3 at the λ 0 = 850 nm operation wavelength. Note that in writing Eqs. (38), we have neglected the internal losses of the CROW cavities; a reasonable value of the Q-factor for a realistic microcavity is Q = ω 0 /(2γ loss ) ∼ 10 6 [22] , which would correspond to a cavity loss rate γ loss ∼ 1 GHz to be added in Eqs. (38) . This loss rate, however, is about two-to-three orders of magnitude smaller than the cavity coupling coefficient κ, and therefore on a short time scale non-Markovian dynamical effects should be observed even in presence of CROW losses. The effects of reservoir (CROW) losses will be briefly discussed at the end of the section. To study the temporal evolution of an initial field in the microcavity, Eqs. (38) are solved with the initial condition a n (0) = 0 and c a (0) = 1. An integral representation for the solution of Eqs.(38) might be directly derived in the time domain by an extension of the technique described in Refs. [46, 47] , where a system of coupled-mode equations similar to Eqs. (38) , but in the conservative (i.e. g = 0) case, was considered. However, we prefer here to formally place Eqs. (38) into the more general Hamiltonian formalism of Sec.II and then use the Laplace transform analysis developed in the previous section to obtain the temporal evolution for c a (t). To this aim, in Appendix we prove that c a (t) may be obtained as a solution of the following equations, which have the canonical form (3) with a simple continuum of modes acting as a decay channel
Note that the reservoir structure function for this model, defined for ω 1 < ω < ω 2 with ω 1 = −2κ and ω 2 = 2κ, is simply given by
With this reservoir structure function, the self-energy [Eq. (17)] can be calculated in an exact way and reads
The function ∆(ω), as defined by Eq. (21), then reads
Note that the coupling strength between the microcavity and the CROW is determined by the ratio κ 0 /κ, the limit κ 0 /κ → 0 corresponding to the weak coupling regime.
B. The passive microcavity: from exponential decay to damped Rabi oscillations
Let us consider first the case g = 0. The conditions for the non-existence of bound modes, i.e. for a complete decay of c a (t), are ω 2 − ω a ≥ ∆(ω 2 ) and ω 1 − ω a ≤ ∆(ω 1 ) (see Sec.III.A), which using Eq.(43) read explicitly
Note that, as a necessary condition, this relation implies that |ω a | ≤ 2κ and (κ 0 /κ) 2 ≤ 1. Note also that the the critical coupling regime is reached at (κ 0 /κ) = 1 − |ω a |/(2κ). For a coupling strength (κ 0 /κ) above such a value, the decay of c a (t) is imperfect due to the existence of bound modes between the microcavity and the CROW; this case will not be considered here further. The temporal decay law for the mode amplitude c a (t) can be generally expressed using the general relation (27) , which highlights the existence of the exponential (Weisskopf-Wigner) decaying term plus its correction due to the contribution of the Hankel paths. Perhaps, for the microcavity-CROW system it is more suited to make the inverse Laplace transform on the first Riemannian sheet ofĉ a (s) by closing the Bromwich path B with a semicircle with radius R → ∞ in the Re(s) < 0 half-plane after excluding the branch cut from the domain by the contour σ as shown in Fig.5 . Since in this case there are no singularities ofĉ a (s), we simply obtain
which, using Eq. (20), reads explicitly
. (46) For the microcavity-CROW model, one then obtains c a (t) = 1 2π
The integral on the right hand side in Eq.(47) can be written in a more convenient form with the change of variable ω = −2κ cos Q, yielding
In this form, the integral can be written [46] as a series of Bessel functions of first kind and of argument 2κt (Neumann series). Special cases, for which a simple expression for c a (t) is available, are those corresponding to ω a = 0 and κ 0 = κ, for which
and to ω a = 0 and κ 0 = κ/ √ 2, for which
Note that the former case corresponds to a critical coupling regime, whereĉ a (s) has two singularities at s = ±2iκ + 0 + . The residues ofĉ a (s) at these singularities, however, vanish, and therefore the field c a (t) fully decays toward zero with an asymptotic power law
In general, an inspection of the singularities of theĉ a (s) reveals that, for ω a = 0, at the critical coupling strength (κ 0 /κ) = 1 − |ω a |/(2κ) the Laplace transformĉ a (s) has one singularity at either s p = 2iκ + 0
The asymptotic decay behavior of c a (t) at long times can be determined by the application of the method of the stationary phase to Eq. (48) . One then finds that at the critical coupling the field c a (t) decays toward zero with an asymptotic power law ∼ 1/t 1/2 , whereas below the critical coupling the decay is faster with an asymptotic decay ∼ 1/t 3/2 . Typical examples of non-exponential features in the decay process as the coupling strength is increased are shown in Fig.6 for ω Eqs. (38) . Note that, as for weak coupling the exponential (Weisskopf-Wigner) decay law is retrieved with a good approximation [see Fig.6(a) ], as the coupling strength κ 0 /κ is increased the decay law strongly deviates from an exponential behavior. Note in particular the existence of strong oscillations, which are fully analogous to damped Rabi oscillations found in the atom-photon interaction context [5] . For ω 0 = 0, the oscillatory behavior of the long-time power-law decay is less pronounced and may even disappear (see Ref. [46] ).
C. Microcavity with gain
Let us consider now the case g ≥ 0. In order to determine the threshold for laser oscillation, we have to distinguish three cases depending on the value of the coupling strength κ 0 /κ.
(i) Lasing condition below the critical coupling. In this case, corresponding to κ 0 /κ < 1 − |ω a |/(2κ), the threshold for laser oscillation is readily obtained from Eqs. (34), (35), (41) and (43) . The frequency Ω osc of the oscillating mode is given by
, and the gain for laser oscillation is thus given by
The typical behavior of normalized threshold gain g th /(2κ) 2 versus the coupling strength (κ 0 /κ) is shown in Fig.7 . Note that, according to the general analysis of Sec.III.B, the threshold for laser oscillation first increases as the coupling strength is increased, but then it reaches a maximum and then decreases toward zero as the critical coupling strength is attained. At g = g th ,ĉ a (s) has a simple pole at s = s p = −iΩ osc + 0 + , whereas as g is increased above g th the pole s p invades the Re(s) > 0 half-plane. Therefore, the onset of lasing is characterized by an amplitude |c a (t)| which asymptotically decays toward zero for g < g th , reaches a steady-state and nonvanishing value at g = g th (the field does not decay nor grow asymptotically), whereas it grows exponentially (in the early lasing stage) for g > g th with a growth rate σ(g) = Re(s p ) (see Fig.8 ). This instability scenario is the usual one encountered in the semiclassical theory of laser oscillation as a second-order phase transition [48] . However, the temporal dynamics at the onset of lasing shows unusual oscillations [see Fig.8(a) ] which are a signature of non-Markovian dynamics. In addition, as in the Markovian limit the growth rate σ should increase linearly with g − g th , in the strong coupling regime the growth rate σ shows near threshold an unusual non-linear behavior, as shown in Fig.8(b) .
(ii) Lasing condition at the critical coupling with ω a = 0. A different dynamics occurs when the coupling strength κ/κ 0 reaches the critical limit κ 0 /κ = 1 − |ω a |/(2κ). As discussed in Sec.IV.B, at g = 0 the Laplace transform c a (s) has a singularity at either s p = 2iκ or s p = −2iκ, however s p is not a simple pole and c a (t) asymptotically decays toward zero. For ω a = 0, i.e. for (κ/κ 0 ) < 1, as g is increased just above zeroĉ a (s) shows a simple pole with a growth rate σ = Re(s p ) > 0 which slowly increases with g at the early stage, as shown in Fig.9 . In the figure, a typical temporal evolution of c a (t) is also shown. Note that in this case there is not a value of g for which the field amplitude c a (t) does not grow nor decay, i.e. the intermediate situation shown in Fig.8(a) is missed in Fig.9(a) : for g = 0 the amplitude decays, however for g = 0 + it always grows exponentially. The transition describing the passage of laser from below to above threshold in the linear stage of the instability is therefore quite unusual at the critical coupling.
(iii) Lasing condition at the critical coupling with ω a = 0. A somewhat singular behavior occurs at the critical coupling when ω a = 0, and therefore κ 0 /κ = 1. This case corresponds to consider a periodic CROW in which one of the cavities is pumped and acts as the microcavity in our general model. For ω a = 0 and κ 0 /κ = 1, the Laplace transformĉ a (s) is explicitly given bŷ
To perform the inversion, one needs to distinguish four cases.
(a) g = 0. For g = 0, the field c a (t) decays according to
as shown in Sec.IV.B.
(b) 0 < g < 2κ. In this caseĉ a (s) has two simple poles on the first Riemannian sheet at s 1,2 = ±i 4κ 2 − g 2 + 0 + . The inversion can be performed by closing the Bromwich path B with the contour shown in Fig.10 , where along the dashed curves the integrals are performed on the second Riemannian sheet. One then obtains c a (t) = 2g
where the first term on the right hand side in the equation arises from the residues at poles s 1,2 , whereas C(t) is the contribution from the contour integration along the Hankel paths h 1 and h 2 , which asymptotically decays toward zero as t → ∞. Note that, after an initial transient, the amplitude |c a (t)| steadily oscillates in time with frequency 4κ 2 − g 2 and amplitude 2g/ 4κ 2 − g 2 . Note also that the amplitude and period of oscillations diverge as the modal gain g approaches 2κ − .
(c) g = 2κ. In this case,ĉ a (s) has a single pole of secondorder in s = 0 + , and therefore to perform the inversion it is worth separating the singular and non-singular parts ofĉ a (s) asĉ
where f (s) has no singularities on the imaginary axis. After inversion one then obtains
where the second term on the right-hand side in the above equation asymptotically decays toward zero. Therefore, we may conclude that at g = 2κ the mode amplitude c a (t) is dominated by a secular growing term which is not exponential.
In this case,ĉ a (s) has an unstable simple pole at s p = (g 2 − 4κ 2 ) 1/2 , and therefore the solution c a (t) grows exponentially with time.
The dynamical scenario described above for ω a = 0 and κ 0 /κ = 1 is illustrated in Fig.11 . Note that in this case there is some uncertainty in the definition of laser threshold, since there exists an entire interval of modal gain values, from g = 0 + to g = 2κ − , at which an initial field in the cavity does not grow nor decay.
As a final comment, we briefly discuss the effects of internal losses of the CROW cavities, which have been so far neglected, on the temporal evolution of the mode amplitude c a (t). In the case where all the cavities in the CROW have the same loss rate γ loss , the temporal evolution of c a (t) is simply modified by the introduction of an additional exponential damping factor exp(−γ loss t), i.e. c a (t) → c a (t) exp(−γ loss t). This additional decay term would therefore shift the threshold for laser oscillation to higher values and, most importantly for our analysis, it might hinder non-Markovian dynamical effects discussed so far. However, for a small value of γ loss /κ (e.g. γ loss /κ ∼ 0.01 for the numerical values given in Ref. [40] ), non-Markovian effects should be clearly observable in the transient field dynamics for times shorter than ∼ 1/γ loss . As an example, Fig.12 shows the dynamical evolution of the mode amplitude |c a (t)| for the same parameter values of Fig.11 , except for the inclusion of a CROW loss rate γ loss = 0.01κ.
It is worth commenting on the dynamical behavior of Fig.12(d) corresponding to g = 2κ . In this case, using Eq.(56) and disregarding the decaying term on the right hand side in Eq.(56), one can write c a (t) ∼ 4κt exp(−γ loss t).
(57)
Note that in the early transient stage the initial mode amplitude stored in the microcavity linearly grows as in Fig.11(d) , however it reaches a maximum and then it finally decays owing to the prevalence of the loss-induced exponential term over the linear growing term. Therefore, though the microcavity is below threshold for oscillation as an initial field in the cavity asymptotically decays to zero, before decaying an initial field is subjected to a transient amplification. The maximum amplification factor in the transient is about ∼ 2κ/γ loss , and can be therefore relatively large in high-Q microcavities. Such a transient growth despite the asymptotic stability of the zero solution should be related to the circumstance that for g = 0 the system (38) is non-normal [49] : though its eigenvalues have all a negative real part, the system can sustain a transient energy growth. The transient amplification shown in Fig.12(d) is therefore analogous to non-normal energy growth encountered in other hydrodynamic [50, 51, 52] and optical [53, 54, 55] systems and it is an indicator of a major sensitivity of the system to noise.
V. CONCLUSIONS
In this work it has been analytically studied, within a rather general Hamiltonian model [Eqs. (1) ], the dynamics of a classical field in a single-mode optical microcavity coupled to a structured continuum of modes (reservoir) beyond the usual Weisskopf-Wigner (Markovian) approximation. Typical non-Markovian effects for the passive microcavity are non-exponential decay and damped Rabi oscillations (Sec.III.A). In presence of gain, the general condition for laser oscillation, that extends the usual gain/loss rate balance condition of elementary laser theory, has been derived (Sec.III.B), and the behavior of the laser threshold versus the microcavity-reservoir coupling has been determined. The general results have been specialized for an exactly-solvable model, which can be implemented in a photonic crystal with defects: an optical microcavity tunneling-coupled to a coupled-resonator optical waveguide (Sec.IV). A special attention has been devoted to study the transition describing laser oscillation at the critical coupling between the cavity and the waveguide (Sec.IV.C). Unusual dynamical effects, which are a clear signature of a non-Markovian dynamics, have been illustrated, including: the existence of a finite interval of modal gain where the field oscillates without decaying nor growing, the gain parameter controlling the amplitude and period of the oscillations; a linear (instead of exponential) growth of the field at the onset of instability for laser oscillation; and the existence of transient (non-normal) amplification of the field below laser threshold when intrinsic losses of the microcavity are considered. It is envisaged that, though non-Markovian effects are not relevant in standard laser resonators in which the field stored in the cavity is coupled to the broad continuum of modes of the external open space by a partially-transmitting mirror [1] , they should be observable when dealing with high-Q microcavities coupled to waveguides, which act as a structured decay channel for the field stored in the microcavity.
APPENDIX A
In this Appendix it is proved the equivalence between coupled-mode equations (38) in the tight-binding approximation and the canonical formulation for the decay of a discrete state into a continuum provided by Eqs. (39) . To this aim, let us first note that, owing to the inversionsymmetry of the initial condition a −n (0) = a n (0) = 0 (n = 0), it can be readily shown that the solution a n (t) maintains the same symmetry at any time, i.e. a −n (t) = a n (t) for t ≥ 0. Let us then introduce the continuous function of the real-valued parameter Q φ(Q, t) = ∞ n=1 a n (t) sin(nQ),
where Q is taken inside the interval [0, π]. Using the relation π 0 dQ sin(nQ) sin(mQ) = π 2 δ m,n (m, n ≥ 1) (A2) the amplitudes a n of modes in the CROW are related to the continuous field φ by the simple relations a n (t) = 2 π 
and after setting c(ω, t) = − 2 πκ φ(ω, t) 1
one finally obtains Eqs.(39a) and (39b) given in the text.
